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Abstract
The clique graph of a graph G is the graph obtained by taking the cliques of G as vertices, and
two vertices are adjacent if and only if the corresponding cliques have non-empty intersection. A
graph is self-clique if it is isomorphic to its clique graph. In this paper, the set of all connected
self-clique graphs having all cliques but one of size 2 is determined. c© 2000 Elsevier Science
B.V. All rights reserved.
Let G be a nite simple graph. By a clique in G we mean a maximal complete
subgraph in G. Let K(G) denote the set of all cliques of G. The clique graph of G,
denoted K(G), is the intersection graph on K(G). That is, K(G) is the graph whose
vertex set is K(G) and two vertices are adjacent in K(G) if and only if the cor-
responding cliques have non-empty intersection. A graph is said to be self-clique if
it is isomorphic to its clique graph. In [1], a construction for self-clique graphs was
given. The characterization of self-clique graphs does not seem to be an easy problem
although in certain special cases, this may be manageable. For example, if a connected
graph is triangle-free, then it is not dicult to see that it is self-clique if and only if
it is a cycle of length at least 4. In fact, in this case, all cliques in the graph are of
size 2, and K(G) ’ L(G) where L(G) is the line graph of G which is the intersection
graph on the set of edges of G. Follows from this is Theorem 1 which is an easy
consequence of Theorem 8:2 of Harary [2].
Theorem 1. Let G be a connected graph whose cliques are all of size 2. Then G is
self-clique if and only if G is a cycle of length at least 4.
In view of this result, instead of looking at the general problem mentioned above, we
rather consider a more restricted problem: characterize all connected self-clique graphs
whose sizes of the cliques are given.
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For this purpose, call a given nite sequence of positive integers (a1; a2; : : : ; am) the
clique size sequence of a graph G if the m elements in K(G) can be arranged in such
a way that the ith element of K(G) is of size ai; i = 1; 2; : : : ; m.
The purpose of this paper is to characterize all connected graphs whose clique size
sequence is (2; : : : ; 2; n) where n>3.
We shall now describe two families of graphs whose clique size sequence is
(2; : : : ; 2; n) where n>3.
Let Kn denote a complete graph on n vertices and let its vertices be denoted by
v1; v2; : : : ; vn.
Let r>0 and s>1 be two integers such that 2r + s = n. Join a new vertex z to
the vertices v1; : : : ; vs of Kn and subdivide the new edges zv1; : : : ; zvs so that at most
one of them is not subdivided. If r>1, overlap r cycles C1; : : : ; Cr each of length at
least 4 all at the vertex z. Also, for each i = 1; : : : ; r, overlap Ci with Kn at the edge
vs+2i−1vs+2i. If r = 0, then the latter two operations are omitted.
Any graph obtained in this manner is a member of the family Gr; s.
Let t and q be two non-negative integers such that 2t + q = n − 1. If q = 0, then
overlap t cycles C1; : : : ; Ct each of length at least 4 all at the same vertex v1 of Kn.
Also, for each i = 1; : : : ; t, overlap Ci with Kn at the edge v2iv2i+1. Note that in this
case, n is odd.
If q>1, let C1 ; : : : ; C

q be q cycles each of length at least 4. For each i = 1; : : : ; q,
overlap Ci with Kn at the edge v1vi+1. If t>1, then overlap t cycles C1; : : : ; Ct each
of length at least 4 all at the same vertex v1 of Kn. Also, for each i=1; : : : ; t, overlap
Ci with Kn at the edge vq+2ivq+2i+1. If t=0, then the latter two operations are omitted.
Any graph obtained in this manner is a member of the family Ht;q.
There are six graphs depicted in Fig. 1. They all have clique size sequence
(2; : : : ; 2; 5). The graphs G1, G2 and G3 are in the families G0;5, G1;3 and G2;1, re-
spectively while the graphs G4, G5 and G6 are in the families H0;4, H1;2 and H2;0,
respectively.
Notice that if G is a graph in Gr; s such that the lengths of the paths joining the
vertex z to the vertices of Kn are large enough, then contracting all the edges of a path
joining z to some vi so that z and vi eventually coincide will result in a graph which
is a member of the family Hr; s−1.
Theorem 2. Let G be a connected graph whose clique size sequence is (2; : : : ; 2; n);
n>3. Then G is self-clique if and only if G 2 Gr; s [Ht;q where r; t; q>0 and s>1
are integers such that 2r + s= n and 2t + q= n− 1.
Proof. The suciency is by direct verication. Here goes the proof for the necessity
part.
Since the clique size sequence of G is (2; : : : ; 2; n), n>3, G contains precisely a
clique Kn. Note that for any clique Q 2K(G), Q is either a Kn or else a K2. Let the
vertices of Kn be v1; v2; : : : ; vn.
G.L. Chia /Discrete Mathematics 212 (2000) 185{189 187
Fig. 1. Graphs with clique size sequence (2; : : : ; 2; 5).
Let ’ be a mapping from K(G) to V (K(G)) such that for any two cliques
Q1; Q2 2 K(G), (’(Q1); ’(Q2)) 2 E(K(G)) if and only if Q1 \ Q2 6= ;. By the
action of ’ on K(G), it means the operation of forming the clique graph K(G) of G.
Since G is self-clique, there are precisely n cliques Q1; Q2; : : : ; Qn 2K(G) such that
Q1 \ Q2 \    \ Qn 6= ;, so that under the action of ’, Q1; Q2; : : : ; Qn are mapped to
the vertices of a clique Kn of size n in K(G).
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There are two cases to consider.
Case I: None of the Qi is a Kn.
Then Qi = K2 for each i = 1; 2; : : : ; n, and Q1 \ Q2 \    \ Qn = fug.
Suppose V (Qi)=fxi; ug; i=1; 2; : : : ; n. Then xi and xj are not adjacent for any i 6= j.
We make the following two assertions.
(i) Each vertex in Kn is adjacent to precisely one vertex in G − Kn.
Clearly there exists a vertex v 2 Kn such that v is adjacent to some vertex x 2 G−Kn.
Suppose on the contrary that v is also adjacent to a vertex y 2 G − Kn [ fxg. Then
x and y are not adjacent and under the action of ’; Kn; fv; xg and fv; yg give rise
to a triangle in K(G). But this is impossible because any triangle of K(G) must be
contained in the clique given by Q1; Q2; : : : ; Qn.
Since G ’ K(G) and d(u) = n in G, there is a vertex U of degree n in K(G) such
that all cliques in K(G) containing U are of size 2. The only clique in G that can give
rise to the vertex U in K(G) is the clique Kn of G, that is ’(Q) =U only if Q=Kn.
This is because any clique in G which is not Qi or Kn has only two neighboring
cliques. Now, the fact that the degree of U in K(G) is n implies that each vertex in
Kn is adjacent to some vertex in G − Kn. This proves the rst assertion.
(ii) Each vertex that is not in Kn [ fug must be of degree 2.
Let w 2 G−Kn [fug and suppose d(w)= k. Then there are k cliques in G each of
size 2 that contain w. These k cliques give rise to a clique of size k in K(G). Since
G ’ K(G) and G has clique size sequence (2; : : : ; 2; n), it must be that k62.
Since G is connected, there is a path connecting the vertex u and some vertex in Kn.
Any internal vertex of this path must be of degree 2 by the argument in the last
paragraph. We shall call a path pure if all of its internal vertices are of degree 2.
Suppose there is a vertex w of degree 1 in G. Then there is a pure path connecting
either the vertices w and u or else connecting w and a vertex in Kn. Call a pure path
broken if it has a vertex of degree 1.
Suppose P1 is a broken pure path of length m connecting w and a vertex in Kn.
Then the action of ’ sends P1 [ Kn to a broken pure path P1 of length m connecting
the vertex U in K(G). Since G ’ K(G), this implies that there is also a broken pure
path P2 of length m in G connecting u. Under ’, this path P2 is mapped to a broken
pure path P2 of length m − 1 connecting a vertex of Kn in K(G). Since G ’ K(G),
there is a broken pure path P3 of length m−1 in G connecting a vertex of Kn. Repeat
the same argument to P3 and continue the process. In a nite number of steps, we
will arrive at a contradiction: either G 6’ K(G) or the clique Kn contains a vertex not
adjacent to any vertex in G − Kn.
In the event that P1 connects the vertices w and u, apply the action of ’ on P1 and
argue in the same way as before to arrive at the same contradiction.
Assertions (i) and (ii) imply that for each vertex vi of Kn, there is either a pure path
connecting vi and the vertex u via the vertex xi, or else a pure path connecting vi and
vj for some j 6= i. In the latter case, this yields a cycle C of length at least 4 which
overlaps with Kn at the edge vivj. The action of ’ on C [ Kn shows that there is also
a cycle C0 of the same length attaching to the vertex u. Here the cycle C0 contains a
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pure path connecting the vertices xi and xj where i 6= j. Assertion (i) also implies that
there is at most one path of length 1 connecting a vertex in Kn and the vertex u.
It follows, in this case, that G 2 Gr; s.
Case II: One of the Qi is a Kn.
Suppose Q1 =Kn. Then Qi=K2 for i=2; : : : ; n and Q1\Q2\  \Qn=fug for some
vertex u of G. This is because Q1; Q2; : : : ; Qn give rise to the n vertices of the clique
Kn of size n in K(G). Now, we may also use Q1; Q2; : : : ; Qn to denote the vertices
of Kn .
Suppose V (Qi) = fxi; ug; i= 2; : : : ; n. Then xi and xj are not adjacent for any i 6= j.
Since G ’ K(G) and since x2; x3; : : : ; xn are all adjacent to the vertex u in the clique
Kn of G, there exist n− 1 vertices X2; X3; : : : ; Xn in K(G)−Kn such that X2; X3; : : : ; Xn
are all adjacent to a vertex Qi of Kn for some i>1.
It is not possible that i>2 because otherwise this would imply that, in G, there
are n−1 vertices u2; u3; : : : ; un all adjacent to xi. As G contains no triangles other than
those appearing in Kn, no ui is adjacent to uj for i 6= j. Consequently fu; xig; fuj; xig,
j = 2; : : : ; n, form another clique of size n in K(G) contradicting the fact that
G ’ K(G) has clique size sequence (2; : : : ; 2; n).
Thus each Xi; i=2; : : : ; n, is adjacent only to Q1 =Kn in K(G). This in turn implies
that there exist n − 1 vertices y2; y3; : : : ; yn in G − fx2; : : : ; xng such that each yi
is adjacent to some vertex of Kn. Now, yi is not adjacent to the vertex u 2 Kn
for i = 2; : : : ; n because otherwise this would result in a clique of size greater than
n in K(G).
If for i 6= j, yi and yj are adjacent to a common vertex in Kn − fug, then this
will result in a clique (dierent from Kn ) of size at least 3 in K(G), a contradiction.
Hence each yi is adjacent to a distinct vertex in Kn. Assume that yi is adjacent to
vi; i = 2; : : : ; n.
By similar argument as in Case I, we see that all vertices not in Kn must be of
degree 2. Hence for each xi, there is either (a) a pure path connecting xi and yj for
some j>2 or else (b) a pure path connecting xi and xj for some j 6= i. The pure path
in Case (a) yields a cycle of length at least 4 overlapping with Kn at the edge uvi.
The pure path in Case (b) yields a cycle C of length at least 4 overlapping with Kn
at the vertex u (which is v1). The action of ’ on the cycle C and Qi shows that there
is also a cycle C0 of the same length overlapping with Kn at the edge vivj.
It follows, in this case, that G 2Ht;q.
This completes the proof.
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